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Abstract

We study Lebesgue-type inequalities for greedy approximation with
respect to quasi-greedy bases. We mostly concentrate on this study
in the L, spaces. The novelty of the paper is in obtaining better
Lebesgue-type inequalities under extra assumptions on a quasi-greedy
basis than known Lebesgue-type inequalities for quasi-greedy bases.
We consider uniformly bounded quasi-greedy bases of L,, 1 < p < oo,
and prove that for such bases an extra multiplier in the Lebesgue-type
inequality can be taken as C'(p) In(m+1). The known magnitude of the

corresponding multiplier for general (no assumption of uniform bound-
1

1
edness) quasi-greedy bases is of order mli*ﬁl, p # 2. For uniformly
bounded orthonormal quasi-greedy bases we get further improvements
replacing In(m + 1) by (In(m + 1))'/2.

1 Introduction

We study the efficiency of greedy algorithms for m-term nonlinear approxi-
mation with regard to bases. Our primary interest is in approximation in L,
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with respect to quasi-greedy bases. Let X be an infinite-dimensional sepa-
rable Banach space with a norm || - || := || - ||x and let U := {¢x}2, be a
semi-normalized basis for X (0 < ¢y < ||¢x]| < Co, k € N). All bases consid-
ered in our paper are assumed to be semi-normalized. For a given f € X we
define the best m-term approximation with regard to ¥ as follows:

om(f) = om(f, W) = Il f = bitiellx,

keA

where the infimum is taken over coeflicients b, and sets A of indices with
cardinality |A| = m. There is a natural algorithm of constructing an m-term
approximant. For a given element f € X we consider the expansion

We call a permutation p, p(j)

= kj,7 = 1,2,..., of the positive integers
decreasing and write p € D(f) if

e, ()] = Jew ()] = -

In the case of strict inequalities here D(f) consists of only one permutation.
We define the m-th greedy approximant of f with regard to the basis W
corresponding to a permutation p € D(f) by formula

Conlf) = Gl £ ) = Gou(f 0. ) - Z%

This algorithm is known in the theory of nonlinear approximation under the
name of Thresholding Greedy Algorithm (TGA). The best we can achieve
with the algorithm G, is

If = Gu(f)llx = om(f, ¥)x
or a little weaker
1f = Gu(Hllx < Con(f,V)x

for all f € X with a constant C independent of f and m. The following
concept of a greedy basis has been introduced in [8].



Definition 1.1. We call a basis ¥ a greedy basis if for every f € X there
ezists a permutation p € D(f) such that

Hf - Gm(f, \Ija p)HX S CO’m(f, \IJ)X
with a constant C' independent of f and m.

We refer the reader to a survey [23] and a book [24] for further discussion
of greedy type bases. In this paper we are interested in special inequalities —
Lebesgue-type inequalities — for greedy approximation.

Lebesgue [11] proved the following inequality: for any 2m-periodic con-
tinuous function f we have

15 = Su(F)loe < (44 g Inm) Bl o (11)

where S, (f) is the nth partial sum of the Fourier series of f and FE, (f) is
the error of the best approximation of f by the trigonometric polynomials
of order n in the uniform norm || - ||oc. The inequality (1.1) relates the
error of a particular method (S,) of approximation by the trigonometric
polynomials of order n to the best-possible error E,(f). of approximation by
the trigonometric polynomials of order n. By the Lebesgue-type inequality
we mean an inequality that provides an upper estimate for the error of a
particular method of approximation of f by elements of a special form, say,
form A, by the best-possible approximation of f by elements of the form A.
In the case of approximation with regard to bases (or minimal systems), the
Lebesgue-type inequalities are known both in linear and in nonlinear settings
(see surveys [9], [22], and [23]).

By the Definition 1.1 greedy bases are those for which we have ideal (up
to a multiplicative constant) Lebesgue-type inequalities for greedy approxi-
mation. In this paper we concentrate on a wider class of bases than greedy
bases — quasi-greedy bases. The concept of quasi-greedy basis was introduced
in [8].

Definition 1.2. The basis V is called quasi-greedy if there exists some con-
stant C' such that

sup |G (£, 9)]| < CISII

Subsequently, Wojtaszczyk [27] proved that these are precisely the bases
for which the TGA merely converges, i.e.,

lim G (f) = f.

3



The main result of [26] is the following Lebesgue-type inequality for
greedy approximation with respect to a quasi-greedy basis in the L, spaces.

Theorem 1.1. Let 1 < p < 00, p # 2, and let ¥ be a quasi-greedy basis of
the L, space. Then for each f € L, we have

1f = G f, W)z, < Clp, W)V~ oo, (f, W)y, (1.2)

Theorem 1.1 does not cover the case p = 2. It is mentioned in [27] that
in the case p = 2 one has the following inequality

1f = G (f; )z, < C(W) In(m + Do (f, V)L,

We do not know if the above inequality is sharp in the sense that an extra
factor logm cannot be replaced by a slower growing factor. The reader can
find further discussion of this problem in [25].

We note that inequality (1.2) is known (see [27]) in the case of uncon-
ditional bases W. It is proved in [21] that (1.2) holds for the trigonometric
system W = {e?**} for all 1 < p < co. It was noticed in [21] that (1.2) holds
for any uniformly bounded orthonormal basis of Ly. Thus, it was known
that bases satisfying very different in nature conditions — uniformly bounded
orthonormal basis of Ly or quasi-greedy basis of L, — both guarantee that
similar Lebesgue-type inequalities (1.2) hold for greedy approximation. In
this paper we continue to study Lebesgue-type inequalities for greedy ap-
proximation. We try to make a bridge between the two above conditions —
uniformly bounded orthonormal basis of L, and quasi-greedy basis of L,. We
consider uniformly bounded quasi-greedy bases of L, and study Lebesgue-
type inequalities in L, ¢ < p. It turns out that even the question of existence
of such bases is nontrivial. For instance, it is known (see [3]) that there is no
uniformly bounded unconditional bases in L,, p # 2. Quasi-greedy bases are
close to unconditional bases. However, surprisingly, it turns out that there
exist uniformly bounded quasi-greedy bases in all L, with 1 < ¢ < co. We
discuss this issue in Section 3, where we present a construction of uniformly
bounded quasi-greedy bases. In particular, we prove the following theorem
there.

Theorem 1.2. There exists a uniformly bounded orthonormal quasi-greedy
basis W = {wj}]?’il in L,, 1 <p < oo, that consists of trigonometric polyno-
maals.



We note that existence of uniformly bounded orthonormal quasi-greedy
bases was proved in [14]. The construction in [14] is a variation on a con-
stuction by [10]. The same type of construction was used in [27]. Our
construction in Section 3 is a somewhat more general version of the known
construction. We include it in the paper for completeness. It is based on
the trigonometric system and this fact allows us to build bases of interest
consisting of trigonometric polynomials. It is important when we consider
the Hardy spaces H,(D) of analytic functions. The construction in [14] is
based on the Walsh system.

It is known from [1] that the space C[0,1] does not have quasi-greedy
bases and the space L;[0, 1] has quasi-greedy bases. In Section 4 we prove,
in particular, that the space L[0,1] does not have a uniformly bounded
quasi-greedy basis.

In Section 5 we prove Lebesgue-type inequalities for greedy approximation
in Ly, 2 < p < oo under different assumptions on a basis W. In that section
we assume that ¥ is a uniformly bounded basis. In addition we assume that
U is a certain type basis (quasi-greedy basis, Riesz basis) in one of the spaces
Ly, Ly, 1 <q<2,0r Ly, 2 <q < oo. Here is a typical result from Section 5
(see Theorem 5.2). We will often use the notation h(p) := |3 — %] We also
use the brief notation || - ||, :== || - ||,

Theorem 1.3. Assume that V is a uniformly bounded quasi-greedy basis of
Lo. Then for any m-term polynomial

tmzzbkwku |P‘ =1m,

keP

we have for 2 < p < oo
1f = G, 9y < I = tmllp + Cm" P In(m + 1)[| f =t 2.

In Section 6 we continue to prove Lebesgue-type inequalities for greedy
approximation in L, under different assumptions on a basis . In that section
we assume that U is a semi-normalized quasi-greedy basis for a pair of spaces:
L; 1 < g < o0, and Ly, ¢ < p. It turns out that this assumption results in
a dramatic improvement of the corresponding Lebesgue-type inequalities. It
is demonstrated by the following result (see Theorem 6.1).



Theorem 1.4. Assume that ¥ is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < q <2 <p <oo. Then for any m-term polynomial

tw =Y bitby, |P|=m,

keP

we have

1f = G, O)llp < 1F = twllp + C, @) In(m + DIf = Ll

We now formulate some of the Lebesgue-type inequalities obtained in the
paper. We already mentioned above (see Theorem 1.1) that the Lebesgue-
type inequalities in L,, 1 < p < oo, under assumption that ¥ is a quasi-
greedy basis of L, were obtained in [26]. First we give a definition of a
democratic basis.

Definition 1.3. We say that a basis ¥ = {1 }32, is a democratic basis for
X if there exists a constant D := D(X, V) such that, for any two finite sets
of indices P and Q) with the same cardinality |P| = |Q|, we have

I ZWH <D| ZW“
keP keQ

In Section 5 we prove that if ¥ is both quasi-greedy and democratic then
for any f € X

If—Gn(f,V)]x < Cln(m+ 1), (f, ¥)x. (1.3)

We note that it is proved in [2] that bases which are simultaneously quasi-
greedy and democratic are exactly almost greedy bases. As a corollary of
(1.3) we obtain the Lebesgue-type inequality for a uniformly bounded quasi-
greedy basis of L,, 1 < p < oo (see Corollary 5.3):

If = Gm(f; 9l < Cp) In(m + D)om(f, ¥),. (1.4)

Here 0,,(f, V), := 0 (f,¥)r,. Comparing (1.4) with (1.2) we see that an
extra assumption of uniform boundedness of the basis improves the Lebesgue-
type inequalities dramatically.

In Section 6, making our assumptions on the basis even stronger, we
improve (1.4) to the following inequality

1f = Gl f, D)l < C(p)(In(m + 1) 20, (£, ©),p, (1.5)

6



under assumption that W is a uniformly bounded orthonormal quasi-greedy
basis of L,, 2 < p < oc.

In Section 5 we impose assumptions on the basis in the L, space and
obtain inequalities in the L, space:

If = Gl f, D)y < Cp, @)~ P2 n(m + 1o (f,9),  (L6)

under assumption that U is a uniformly bounded quasi-greedy basis of L,
1< g<oo,and 2 < p < oo, p>q. Wenote that in the case p = ¢ inequality
(1.6) turns into (1.4).

We begin a systematic presentation with Section 2, where we list some
properties of quasi-greedy bases that are used in the paper.

2 Properties of quasi-greedy bases

Quasi-greedy bases. The definition of a quasi-greedy basis is given in the
Introduction (see Definition 1.2). We give here an equivalent definition (see
[24], p. 34). For a set of indices A we define the corresponding partial sum
as follows

Sa(f) = Sa(f.0) == 3 el )

keA
Definition 2.1. We say that a basis V is quasi-greedy if there exists a con-
stant Cq such that, for any f € X and any finite set of indices A having the
property
1 >
min e (f)] = max|e(f)],

we have

1Sa(f, O < Coll £

First, we present some known useful properties of quasi-greedy bases.
The reader can find the following two lemmas in [24], p. 37.

Lemma 2.1. Let U be a quasi-greedy basis. Then, for any two finite sets of
indices A C B and coefficients 0 <t < |¢;] <1, j € B, we have

1Y eyl < CX 01D el

JEA jeB



It will be convenient to define the quasi-greedy constant K to be the least
constant such that

|Gm(NI < KILf and [[f = Gu(HI < KNS, fe X,

Lemma 2.2. Suppose ¥ is a quasi-greedy basis with a quasi-greedy constant
K. Then, for any real numbers c; and any finite set of indices P, we have

(4K%)7 min |c;|| Yol <Y el < 2KI§1€6}3<ICj|IIZ¢j||-

JjeEP jeP jEP
We present the following lemma from [1] with a proof for completeness.

Lemma 2.3. Let VU be a quasi-greedy basis of X. Then for any finite set of
indices A we have for all f € X

155 (f, D) < Cln(JA] + DI F]]-

Proof. For a given element f € X we consider the expansion

f=> calf)w

)
k=1

Let a sequence kj,j = 1,2, ..., of the positive integers be such that

ek, (f)] > ey ()] > -n

We will use the notation
an(f) = lex, (f)]

for the decreasing rearrangement of the coefficients of f. Without loss of
generality assume that f is normalized in such a way that guarantees that
la1(f)|] < 1 and consider m := |A| > 2. Consider for integer s > 0

o= {k 27" <e(f)| <277}

Denote
Ay =ANT,, A=A\ (Us<iog, mAs)-

The semi-normalization property of the basis ¥ implies
2
[Sa (NI < E|AI|CO < 2C.

8



For s <log, m we have

Sa.(f) = Sa. (57 (f))-

By Lemma 2.1 we obtain

1Sa. (DI < CIS(HII-

Our assumption that ¥ is a quasi-greedy basis implies that for all s

157 (NI < ClIII-

Thus, for all s < log, m

1Sa, (NI < ClILF,

and, therefore,

1Sa(NIF < Cla(m + 1| f]]-
O

The following Lemma 2.4 is a new result that answers Question 2 from
6]. Let

F=>"elf)n
k=1

We define the following expansional best m-term approximation of f

Om(f) = 0m(f,¥) = inf |f— ch(f)%bkﬂ

AJA|l=m
keA

It is clear that
on(f, V) < an(f, V).

It is also clear that for an unconditional basis ¥ we have
om(f, V) < C(X,W)on,(f,¥).
Lemma 2.4. Let VU be a quasi-greedy basis of X. Then for all f € X

om(f) < Cln(m+ 1)o,(f).



Proof. For a given € > 0 let p,, be an m-term polynomial
Pmi=> bk, |P|=m,
keP

such that
|f = pmll < om(f) +e

Then by Lemma 2.3 we obtain

on(f) < N =Sp(NI = IIf = pm = Sp(f = pw)ll < Cln(m+ 1)(om(f) + €).

This completes the proof of Lemma 2.4.
[

We now formulate a result about quasi-greedy bases in L, spaces. The
following theorem is from [25]. We note that in the case p = 2 Theorem 2.1
was proved in [27].

Theorem 2.1. Let ¥ = {4} }32, be a quasi-greedy basis of the L, space,
1 <p<oo. Then for each f € X we have

Ci(p) supn'Pan(f) < || fllp < Ca(p) Y0 an(f), 2<p < oo;

Cy(p)supnan(f) < Ifll, < Csp) S n"7lan(f), 1<p<2.
" n=1

Remark 2.1. Theorem 2.1 was proved in [25] under assumption that V is a
normalized basis. That proof works for a semi-normalized basis as well.

Remark 2.2. The proof of Theorem 2.1 in [25] gives the following inequali-
ties. Let W = {9 }32, be a quasi-greedy basis of X. If for any set of indices
A of cardinality m we have || Y. 4 ¥kl x < C'm'/? then for each f € X we
have

1lx < > na,(9). (2.1)
n=1

If for any set of indices A of cardinality m we have || >, .4 ¥illx > ¢m!/?
then for each f € X we have

1£llx = ersupn'aq(f).

10



A general version of (2.1) was obtained in [6]. We define the fundamental
function p(m) := @(m, ¥, X) of a basis ¥ in X by

p(m, U, X) == sup || Y .

lAl<m jea

Lemma 2.5. Let ¥ be a quasi-greedy basis of X. Then for each f € X we

have .
A1 <CS anlfpln) -
n=1

Proof. 1t is known (see [2], p. 581) that ¢(n)/n is monotone decreasing.
Therefore, by Lemma 2.2 we obtain

251

IFIF < Z I an(f)nll

n=25-1

SCiGQSl(f> 25 1 S i
s=1 n=1

[]

Uniformly bounded quasi-greedy bases. It is clear that any or-
thonormal basis of a Hilbert space H is an unconditional basis and, therefore,
a quasi-greedy basis of H. For example, the trigonometric basis is a uniformly
bounded orthonormal basis of Ls. Even the question of existence of a uni-
formly bounded quasi-greedy basis in L,, p # 2, is a nontrivial question.
It is known (see [Gap]) that there is no uniformly bounded unconditional
bases in L,, p # 2. As we already mentioned in the Introduction, there are
uniformly bounded quasi-greedy bases in L,, 1 < p < oo. We build such
bases in Section 3. We now present some properties of these bases. We begin
with proving an analog of Lemma 2.2 from [21]. Lemma 2.2 from [21] was
proved for the trigonometric system. We will prove its analog for a uniformly
bounded Riesz basis of L.

Lemma 2.6. Assume that U is a uniformly bounded Riesz basis of Ly. Then
for any set A of indices we have for 2 < p < oo

1Sa(H)lp < CIA" P f]]2.

11



Proof. Let
F=>elf)n
k=1

Our assumptions on ¥ imply

1Sa(H)ll2 < ClIf1l2

and

15a()llse < D lealH Nkl < CIAM2Q len())IP)2 < CIAIM] 2.

keA keA
Using the inequality
2 _
lglly < g3 gl 2?7, 2<p< oo, (2.2)

we obtain the required bound from the above inequalities. O

We now prove an analog of Lemma 2.6 for uniformly bounded quasi-
greedy bases.

Lemma 2.7. Assume that V is a uniformly bounded quasi-greedy basis of
Lo. Then for any set A of indices we have for 2 < p < oo

1Sa(H)lp < CIAMPSA(f) 2. (2.3)

We also have

1SA(F)ll2 < CIn(JA] + 1)|| ]l2- (2.4)

Proof. First, we prove (2.4). We note that (2.4) follows from Lemma 2.3
which does not require uniform boundedness of a basis. We give another
proof here that does not require uniform boundedness of a basis too. Using

notation m := |A| we obtain by Theorem 2.1
ISa(N)l2 < Co(2) Y 07 an(Sa(f)) < CY 0 Van(f)
n=1 n=1

<O n 2027 fllon < Clnm + 1)) £

n=1

This proves (2.4).

12



Second, we prove (2.3). We have

18 loe < S lex(Dlleelloe < €S an(Sa(£))

keA

<CY nPSa(f)llz < Cm|Sa(f)|2-

n=1

The above inequality combined with (2.2) gives (2.3). O

In the following lemma we replace a quasi-greedy assumption in Ly by
the corresponding assumption in L,, 1 < ¢ < oo.

Lemma 2.8. Assume that ¥ is a uniformly bounded quasi-greedy basis of
Ly, 1 < q<oo. Then for any set A of indices we have for ¢ < p < oo

1Sa ()l < CIAJEP2) Sy ()], (2.5)

We also have

1Sa(Hllg < CIn([A]+ D[ flg- (2.6)
Proof. Inequality (2.6) follows from Lemma 2.3. We prove (2.5). We have
1Sa(N)loe < D lex(Dkllos < C D an(Sa(f))-
keA n=1
By Proposition 2.2 (see below) we continue
<O n T PUSADllg < Cm1Sa(F)lo-
n=1

The above inequality combined with

lall, < lgllZ”llglc”?, g <p < oo, (2.7)

gives (2.5).
We note that in the case 1 < ¢ < 2 we could use Theorem 2.1 instead of
Proposition 2.2. O

13



Uniformly bounded orthonormal quasi-greedy bases. We prove
in Section 3 that there exist uniformly bounded orthonormal quasi-greedy
bases in L,, 1 < p < oco. We also prove in Section 3 that if ¥ is a uniformly
bounded orthonormal quasi-greedy basis in L,, 2 < p < oo then V¥ is a quasi-
greedy basis of Ly (p~'4p/~t = 1). Thus there are uniformly bounded bases
which are quasi-greedy bases of two spaces L, and L, 2 < p < co. We now
present some results in this direction. We prove an analog of Lemma 2.7.

Lemma 2.9. Assume that V is a semi-normalized quasi-greedy basis for both
L, and L, with1 < ¢ <2 <p < oco. Then for any set A of indices we have

1Sa(H)llp < CIn(A] + D) £l (2.8)

Proof. Using notation m := |A| we obtain by Theorem 2.1

152 (N)lly < Co(p) Y n™2au(Sa(£)) < Clp) Y 0~ an(f)

< O(p) Y _n2Cs(@) I flgn™ < Clp, ) n(m + 1)1 f -
n=1

This proves (2.8). O

Lemma 2.10. Assume that ¥ is a uniformly bounded orthonormal quasi-
greedy basis of L,, 2 < p < 0o. Then for any set A of indices we have

1Sa(F)ll2 < Cn(A] + 1)) 2] f]l, (2.9)

and

1Sa(F)llp < Cn(|A]+ 1))V2[|f]]2- (2.10)

Proof. Let |A| = m. By Theorem 2.2 (see below) and Theorem 2.1 we have
in the case of (2.9)

1Sa(N)ll2 < (D an())*)2 < CQ_n 30" < Cllnm+ 1) ]|,

In the case of (2.10) we obtain by Theorem 2.1
[Sa(H)lp < C 3 n™an(f)
n=1

14



< C(In(m +1))*(Y " an(HH)Y? < Cn(m + 1)) f]a.
n=1

]

Let us discuss in more details uniformly bounded orthonormal quasi-
greedy bases. FExistence of such bases is guaranteed by Theorem 3.3. We
first recall the definition of bases which are called unconditional for constant
coefficients, cf. [27].

Definition 2.2. A basis V is called unconditional for constant coefficients
(UCC) if there exist constants Cy and Cy such that for each finite subset
A C N and for each choice of signs ¢; = +1 we have

| Z%H <| Z&wi“ < Gy szH
icA icA icA

It is known ([27]) that quasi-greedy bases are UCC bases. To formulate
our results we need some of the basic concepts of the Banach space theory
from [12]. First, let us recall the definition of type and cotype. Let {g;} be a
sequence of independent Rademacher variables. We say that a Banach space
X has type p if there exists a universal constant C3 such that for f, € X

n 1/p n 1/p
(Aveekzﬂu > e kap) < Cs (Z kaHP) ,
k=1 k=1

and X is of cotype ¢ if there exists a universal constant C4 such that for

freX
n 1/q n 1/q
(Aveakilﬂ Z€kfk||q) > Cy (Z ka||q> :
k=1 k=1

It is known that L,, 2 < p < oo has type 2. Consider uniformly bounded
orthonormal quasi-greedy basis W = {¢;}32, in L,, 2 < p < oco. Then
we obtain from its orthonormality and property UCC that for any set A of
indices of cardinality m we have

=11 ulle < 1Y wlly = (Ave—aall D eoelp)”

keA keA keA
= O w2l < YO Nl = m'2. (2.11)
keA keA
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Equation (2.11) shows that for uniformly bounded orthonormal quasi-
greedy basis U = {¢;}22, in L, 2 < p < oo, we have p(m, ¥, L,) =< m/2.
In particular, this implies that W is democratic. We consider along with the
basis ¥ in L, its dual basis ¥* in L,,. By orthonormality of U we get that
U* = W. Properties of dual bases to quasi-greedy and almost greedy bases
are discussed in detail in [2]. In particular, by Proposition 4.4 and Theorem
5.4 from [2] relation (m, ¥, L,) =< m'/? implies that W is also a quasi-greedy
basis of L,,. We formulate this conclusion as a theorem.

Theorem 2.2. Let V be a uniformly bounded orthonormal quasi-greedy basis
U= {9;}52, in Ly, 2 <p < oo. Then V¥ is a quasi-greedy basis of L.

The definition of democratic basis is given in the Introduction (see Defi-
nition 1.3).

Proposition 2.1. Let U be a uniformly bounded quasi-greedy basis ¥ =
{wj}j?’il in Ly, 1 <qg<oo. Then V¥ is democratic with fundamental function
o(m, U, L,) < m'/2.

Proof. The proofs in both cases 1 < ¢ < 2 and 2 < ¢ < oo are similar. We
give here only a proof for 1 < ¢ < 2. Using the UCC property of quasi-greedy
bases and using the fact that L,, 1 < ¢ < 2, is of cotype 2 we obtain as in
(2.11)

| Z%Hq (Ave., —41]| Z&ﬂﬁk” )2 > Cm!/

keA keA
Also
I " illg =< (Aves,—a [l erthill2)'? < (Ave—sr || Y exte]|3)'? < Cm!/?
keA keA keA

]

Combination of Proposition 2.1 and Remark 2.2 gives the following in-
equalities which we will often use.

Proposition 2.2. Let U be a uniformly bounded quasi-greedy basis ¥ =
{152, in Ly, 1 < q < co. Then we have for f € L,

c1(q) Supn/ n(f) < I fllg < Cile Zn i (2.12)

16



This proposition implies the following analog of Lemma 2.9.

Lemma 2.11. Assume that VU is a uniformly bounded quasi-greedy basis
={¥;}52, in Ly and Ly, 1 < q,p < oo. Then for any set A of indices we

have
[Sa(H)lp < CIn([A] + )| flq- (2.13)

Proof. Let |A| = m. By Proposition 2.2 we obtain

1Sa ()l < Calp Zn-wan

<ca(g)'Cilp Zn‘lllfllq < CIn([A[+ DI fllg-

3 Construction of quasi-greedy bases

In this section we describe a general scheme of construction of a quasi-greedy
basis out of a given basis with special properties. This scheme is similar to the
one used by Wojtaszczyk in [27]. Both schemes are based on the orthogonal
Haar-type matrices, used firstly by Olevskii to construct orthogonal systems
(see [4], p. 120, [15], [16]).

Assumptions. Let X be a separable Banach space and ® = {;}32, be
a semi-normalized basis of X, 0 < ¢g < ||¢;|| < Cy. We assume that ® is a
Besselian basis of X: for any

f= ch(f)soj (3.1)

we have

Z i (N2 < Cil£- (3.2)

Assume that ® can be split into two systems F' = {f;}22,, fs = @ms)
and E = {e;}%2,, ej = @n(j) With increasing sequences {m(s)} and {n(j)} in
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such a way that E has the following special property. For any sequence {c;}
we have

1) el < G0 ey )2 (3.3)
j=1 j=1

In our construction of quasi-greedy bases we will use special matrices.
Let a collection of matrices A = {A(n)}>°,, A(n) is of size n x n, satisfy the
following properties.

M1. Singular numbers of matrices A(n) and their inverse A(n)~! are
uniformly bounded:

s(A) < G 5;(An)™) < Cs. (3.4)

M2. For the elements of the first column of matrix A(n) = [a;;(n)] we
have
|ai1(n)| S C'4n_1/2. (35)

Construction. Let {n;}°,, np = 0, be an increasing sequence of inte-
gers such that

Nke1 > np  and Zn;l < 00. (3.6)
k=1
For a fixed natural number k& we pick the basis elements
glf = fk> gzk =685, _1+i—1, 1= 27 ceey N, (37)
where {S;} is defined recursively as
Sj:Sj_1+7’Lj—1, j:1,2,..., S():O

We build a new system of elements {¢)¥}1*, using a matrix A(n;) in the

following way:

In other words, for i € [1,n;] we have
ng
?/ff = Z az‘j(”k).gf-
j=1

We define and study the new system W = {tf }'*%_) = {5} ordered
in the lexicographical way: j(k',i") > j(k,1) if either £’ > k or k' = k and
il >
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Properties of U. We begin with a property of an auxiliary system G :=
{gFyimey Lh=1 = 19j(k; ordered in the lexicographical way: j(k',i') > j(k,1) if
cither & >k or k' = k and i’ > i.

Proposition 3.1. The system G is a Besselian basis of X.

Proof. 1t follows from the definition of GG that an expansion of f with respect
to G will be a rearrangement of the expansion of f with respect to ®. There-
fore, we only need to prove that G is a basis. Then the Besselian property
of G follows from the Besselian property of ®.

Let f have the expansion (3.1) with respect to ®. Consider the series

>3 ke
k=1 =1

where ¢ = ¢;(f) if gF = ¢;. A partial sum of this series has the form

N

ch —i—ZZc qr, C [2, ng]. (3.9)

k=1 k=1 ieP,

We note that in the above representation P, = [2, ny] for all k except maybe
k = N. By our choice of gF we have that gF¥ € E for all k and i > 1.
Therefore, for the second sum in (3.9) we use (3.3) and obtain the bound

1373 et < ) IR (3.10)
k=1 ’LEPk k=1 ZGPk
Using the Besselian property of basis ® (3.2) we get
N
QD IRz <allfll-
k=1 ic P,

Let g1 = fn = @m(n)- Then for the first sum in (3.9) we obtain

N
Y b= (s ZZC g, Qn S [2,ml.

k=1 ]:1 k=1 ZEQk
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The assumption that ® is a basis implies

m(N)
1D (Dl < CISIL
j=1

In a way similar to the above estimation of the second sum in (3.9) we get
K
1> dafl < Clfl.
k=1 i€Qy

This completes the proof of Proposition 3.1.

Proposition 3.2. The system V¥ is a Besselian basis of X.

Proof. Denote

Xk: = Span(i/J’f, RN ik) = Span(glfa s 7gik)

Let g € Xi. Then
ng ng
g=> vgl, g=> unt.
=1 =1

Using definition of 1 in terms of g}“ we obtain

nk ng ng
2wt =) ) ay(n)gy):
i=1 =1 j=1
Therefore,
ng
vj = Zaij<nk)uia
i=1
or v = A(ng)Tu, where u = (uy,...,u,,)", v = (v1,...,v,,)". The property

M1 of matrix A(ny) implies that
[ull2 < Csflolls:

This and Proposition 3.1 imply that ¥ is a Besselian system. It remains to
prove that W is a basis of X. It is clear that the use of Proposition 3.1 allows
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us to limit our prove to only one subspace Xj. In this case by (3.3) and M2
we have for n € [1, ng]

n n n Nk
-1/2
1D wtfll < Qi) Cany Pllghl + 1D (Y aigne)g))|
i=1 1 i=1 j=2

i=

< Cllully + CO 1D as(ne)ul*) 7.
j=2 i=1

Using our assumption M1 we obtain
ng n
O 1D aii(n)ui*)'? < Cyllulls.
212 ai
j=2 =1

Therefore, applying Proposition 3.1 we get

1> wtfll < Clullz < Cllvlla < |1 £

i=1
This completes the proof of Proposition 3.2. O
Theorem 3.1. The basis V is a quasi-greedy basis of X.

Proof. Let f € X have a representation

co Nk

F=Y> vkt

k=1 i=1
with respect to W. Suppose that the mth greedy approximant is given by
Gl f, W) =) Y 0w, I € [1ml. (3.11)
keJ i€ly,

We will prove that
|G (f; W) < C A (3.12)

It is clear that it suffices to prove (3.12) for normalized f, || f]| = 1.
At the first step we consider the following modification of the sum from

(3.11).
X = Z Z bf(l/)f — ag(ng) fr)-

keJ i€ly
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It follows from the definition of ¢¥ that
ng Nk
=D D W au(n)gy) =) > (D bai(m)g
keJ iely 7j=2 ked j=2 i€l
By (3.3) we get
IZ4]} < O( ZZIZb aij(n))?)/2. (3.13)
kEJ] 2 'LEIk

Using property M1 and Proposition 3.2 we obtain from (3.13)

[0l < S <

keJ i€l

At the second step we consider

Yo 1= Gpn(f,¥) — ZZ() an (ng) f,

keJ i€l
We split each of I into three disjoint subsets:
I={i €I, |bf| <ng'h

=i € I« [of] > %

B={iel:n ' < b <n, ')

$5i= )0 ban(ng) fr, s=1,2,3.

keJ i€l}

Denote

For ¥} we have

Shi= )Y ban(m) fu =D i > bran(m).

ked ier} keJ iell

It follows from the definition of I} and from property M2 that

|Zb ;1 nk)| < C4TL_1/2.

zEIl
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Therefore,
ISl <) o <c

keJ

We proceed to estimate 2. We have

n
Telngt <) bE
i=1
and

HZQH < 04002 —1/2|]2 1/2 Zlbk 2 1/2 < O4OOZZ‘bk 2 < C.

keJ keJ i=1

We proceed to ¥3. We note that the bound on 3; combined with Propo-
sition 3.2 imply that for any N

N ng
1Y 8 fran(ni)l| < C. (3.14)

k=1 i=1

Denote
K :=max{k € J: I} # 0}.

This means that there is a b, i € I3, such that [bX| < n;/Q. The fact
that K € J, our assumption that ng,; > n? and the definition of greedy
approximant imply that for all k € [1, K| we have that either I3 is empty or

that £ € J. Thus

K—1 ng
E% = Z bZKfKClzl(nK) + Z befkaﬂ(nk) — 01 — 029, (315)
i€l k=1 i=1

where o has form of ¥} and oy has form of 3. Therefore, it is sufficient to
bound only the first term in the right side of (3.15). We have

ng
I 0 Fran(n)| < Oy Pl Qb P)2 < €
7,613 i=1

This completes the proof of Theorem 3.1.
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Extra assumptions. First of all we note that if & C H is from a
Hilbert space H and forms an orthonormal basis there then G also forms an
orthonormal basis in H. Second, if matrices A(n) are orthogonal matrices
then W is an orthonormal basis of H.

Next, assume that Y is a subspace of X with a stronger norm: ||f||x <
Il flly. Assume that the basis ® is from Y and ||¢;|ly < B, j =1,.... We
impose an extra assumption on matrices too.

M3. Assume that for all n

n

> lai(n)] < Cs. (3.16)

j=1
Under condition M3 we easily derive from the definition of ¥ that
[villy < CsB.

Examples. Let X = L,(0,27), 2 < p < 00, Y = L(0,27). Consider
® = 7 to be the trigonometric system {e***}. Define E := {e?'7}2,. It is
well known that (3.3) holds for this system. By Riesz theorem 7 is a basis
of L,, 1 < p < oo. Trivially, 7 has Besselian property in L,, 2 < p < oo.

Thus applying the above construction we obtain the following theorem.

Theorem 3.2. There exists a uniformly bounded quasi-greedy basis ¥ =
{wj}j?’il in L,, 2 < p < oo, that consists of trigonometric polynomials.

Moreover, as it is pointed out above if matrices A(n) are orthogonal
matrices then W is an orthonormal basis of H. Thus, we have the following
variant of Theorem 3.2.

Theorem 3.3. There exists a uniformly bounded orthonormal quasi-greedy
basis U = {1);}22, in Ly, 2 < p < 00.

4 Uniformly bounded quasi-greedy systems

Combining Theorem 2.2 and Theorem 3.3 with the preceding discussion gives
the following result.

Theorem 4.1. There exists a uniformly bounded orthonormal system ¥ =
{1, };”;1 consisting of trigonometric polynomials which is a quasi-greedy basis
for L,[0,1] for all 1 < p < 0.
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Remark 4.1. The orthonormal system constructed in Theorem 4.1 will also
be a quasi-greedy basis for other function spaces, including the Lorentz spaces
L,,[0,1] for1 <p<oo,1<g< 0.

The main result of this section is that there is no analogue of Theorem 4.1
for L1]0,1]. It is known that L0, 1] has a quasi-greedy basis [1, Theorem 7.1]
and, by a theorem of Szarek [20], that L,[0, 1] does not admit any uniformly
integrable Schauder basis (see also [7]). On the other hand, the trigonometric
system is a uniformly bounded Markushevich basis. Therefore, it is natural
to ask whether L,[0, 1] admits a uniformly bounded (or uniformly integrable)
quasi-greedy Markushevich basis W. We answer this question negatively.

First, we recall the relevant definitions. Let X be a separable Banach
space. Let U = {¢;}32; C X be a fundamental and semi-normalized system,
i.e. there exist positive constants a and b such that

a<|yll<b (G =1), (4.1)

with biorthogonal sequence {¢j}22, C X*. W is said to be a Markushevich
basis if the mapping f — {¢;(f)}52, (f € X) is one-one. In other words,
each f € X is uniquely determined by its coefficient sequence {5(f)}32;.
We say that W is quasi-greedy if there exists a constant C' such that

[Gn(f, W < ClIfI (m =1, f € X). (4.2)

Wojtaszezyk [27] proved that (4.2) is equivalent to the norm convergence of
{Gn(f)} to f forall feX.

It follows easily from (4.1) and (4.2) that {¢}}32, is semi-normalized in
X*. Indeed, for f € X, we have

95 (NI < (Nl < /) |GL(H] < (C/a)llf];

and hence ||¢7|| < C/a. On the other hand, since ¥7%(¢;) = 1, we also have
[71] = 1/ [l = 1/b.

The following result was proved for quasi-greedy bases (actually for the
larger class of thresholding-bounded bases) in [1, Lemma 8.2]. The proof
easily carries over to quasi-greedy Markushevich bases (cf. also the proof of
Lemma 2.3 above).
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Proposition 4.1. Suppose that ¥ is a semi-normalized quasi-greedy Marku-
shevich basis for X. There exists a constant C' such that for all finite sets
A C N with |A] = N > 2, we have

max || ) Fn(Hval < CN|fl (f € X).

neA

In particular,
[SA(HI < CInNJ £ (f € X).

Recall that a bounded operator T': X — Y, where X and Y are Banach
spaces, is absolutely summing if there exists a constant C' such that, for all
n > 1 and for all finite sequences {f;}7_; C X, we have

ST < Cmax |3 £
j=1 j=1

The smallest such constant is denoted 71 (7"). A Banach space X is called a
GT space [18] if every bounded operator T: X — {5 is absolutely summing.
X is a GT space if and only if there exists a constant B such that m (7)) <
B||T|| for all bounded T': X — {¢5. Grothendieck [5] proved that L (u) spaces
are G'T space.

The proof of the following result is based on the methods used in [1,
Section 8§].

Theorem 4.2. Suppose that X is a GT space. Let U be a semi-normalized
quasi-greedy Markushevich basis for X. Then V is democratic and its funda-
mental function satisfies p(n) < n.

Proof. For 1 < p < o0, recall that a Markushevich basis W is said to be
p-Besselian if there exists a constant C), such that

Zw HPOYP <Gl (feX)

(with the obvious modification for p = oc). Since 1) is quasi-greedy, Cy, =
sup,,> [[1]| < 0o, so ¥ is co-Besselian.
We will derive Theorem 4.2 from the following Theorem 4.3.

Theorem 4.3. Suppose that V is a semi-normalized quasi-greedy Markushe-
vich basis for a GT space X. Then V¥ is r-Besselian for all r > 1.
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We need the following key lemma.

Lemma 4.1. Suppose that V is a semi-normalized quasi-greedy Markushe-
vich basis for a GT space X. If V is p-Besselian for some 2 < p < oo, then
U is r-Besselian for all r satisfying 1/r < 1/p+1/2.

Proof. We shall give the proof for the case 2 < p < oo as the case p =
requires only minor changes. Let 1/s = 1/p + 1/2. Suppose that A C N,
with [A| = N, and that (n,),en is any fixed choice of signs. Choose f € X,
with || f|| = 1, such that

S () > oIS mail

neA neA

Next consider T: X — f5(A) defined as follows:

T(9) = Wh DL Dnea (g€ X).

Then, applying Hoélder’s inequality and using the fact that ¥ is p-Besselian,
we get

1T = Q_ ln (NI ln(9))?

neA
< QOO [n(g)P)
neA neA
< GO (A1) Nlgll-
neA

Hence ||T]| < Cp(3,ca 15 (f)]¥)1 /5. Since X is a GT space, we have

S INOF = W (HOINIT ()

neA neA
< B|T| sup. 1Y et (f)inl
en=dt neA
< BC,() _|wn(HI) e sup 1> ents (£l
neA neA

Thus,
Q_ lwn (DI < BC, sup |3 enti(Hell

neA neA
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Since |A| = N, Proposition 4.1 yields
sup | > et (vl < C'(InN),

neA
where C” is independent of N. Hence

O (NI < BC'Cy(In N).

neA
Thus,
1Y S mnill <2 matbi(f)
neA neA
<2 Zh/} l/le 1/s
neA

< BC'C,(In N)N'~V/s,
Now suppose that g € X with ||g|| = 1. For a > 0, let
Ala) ={n e N: |¢;(9)| = a} and N(a) = [A(a)]

Then, for some choice of signs (7,), we have

ORI AC)

neA(a)

< Z Mt

neA(a
< BC' Cp(ln N(a))N(a)t=Ys5,

Thus, for some constant C”, we have N(a) < C”a™" provided ¢ satisfies

1 1 1
r t S
Note that
sup [¢5,(9)] < sup [[9;]loc = Coo-
n>1 n>1
Hence

D@l <Y NETCR) (2O

<2C"Y (27"Ch) ! < o0,
n=0
Hence W is r-Besselian.
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Applying the lemma twice, starting with p = oo, it follows that W is
r-Besselian for all » > 1. This proves Theorem 4.3.

In particular, ¥ is 2-Besselian with constant C5 < oco. Hence, for every
finite A C N, the mapping 7': X — l5(A) given by f +— () (f))nea satisfies

n

IT|| < Cy. Since X is a GT space the absolutely summing norm of 7" satisfies
m(T) < BC'. Thus,

Al =D IT@)lls < BCmax || - .

neA neA

Since V¥ is quasi-greedy, and hence unconditional for constant coefficients, it
follows that ¢(n) < n. O

The following Proposition 4.2 is a stronger version of Proposition 4.1
under an extra assumption that X is a GT space.

Proposition 4.2. Suppose that ¥ is a semi-normalized quasi-greedy Marku-
shevich basis for a GT space X. There exists a constant C' such that for all
finite sets A C N with A| = N > 2, we have

D 1en@l < ClaNlgll, (g€ X).

neA

Proof. Let &, = &+ be such that

D (gl =D &ig).

neA neA

Then

Yo ln@l < 1&gl (4.3)

neA neA
We now estimate || D, ., &5 || Let as above f be such that || f|| = 1 and

S e > ol S el (4.4)

nen neA

Consider operator T : X — (5(A)
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By Theorem 4.3 W is 2-Besselian and therefore
1T = O 1en (@) < Callell.

neA

Using the assumption that X is a GT space we obtain
D 1D = 2 W (DINT (W)l < BCosup | 3 eaths(F)enl < CnN.

neA nen neA
(4.5)
We used Proposition 4.1 at the last inequality. Combining (4.3) — (4.5) we
complete the proof. O

We note that the following Proposition 4.3, which is stronger than Propo-
sition 4.2, follows from Lemma 3.2 from [2] and Theorem 4.2.

Proposition 4.3. Suppose that V is a semi-normalized quasi-greedy Marku-
shevitch basis for a GT space X. There exists a constant C' such that for all
g € X we have

an(g) < Cn~ gl

Recall that a system { f;} C L;[0, 1] is uniformly integrable if, given € > 0,
there exists 0 > 0 such that if A(A) < J, where A denotes Lebesgue measure,
then f A 1fildh < e for all j > 1. Clearly, uniformly bounded systems are
uniformly integrable.

Theorem 4.4. Let U be a semi-normalized quasi-greedy Markushevich basis
for L1]0,1]. Then no subsequence of W is uniformly integrable. Hence every
subsequence of W contains a further subsequence equivalent to the unit vector

basis of ly.

Proof. Let {f;} C L0, 1] be any uniformly integrable system. Given ¢ > 0,
choose M > 0 such that || f;xys,>a3]l1 < € for all j. Then

Avey || Y £ fillh < ne+ Avew | Y +fixq < llz < ne + My/n.
Jj=1 Jj=1
Hence Avey || 377, £f;l1 = o(n). Since L,[0,1] is a GT space, Theorem 4.2
implies that {f;} is not a subsequence of any quasi-greedy Markushevich
basis. Finally, it is well-known that semi-normalized sequences in L;0, 1] are
either uniformly integrable or contain a subsequence equivalent to the unit
vector basis of /;. O
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Remark 4.2. Complemented subspaces of Ly spaces are GT spaces. Hence
the previous theorem extends to quasi-greedy Markushevich bases of comple-
mented (infinite-dimensional) subspaces of L1[0,1]. A related result of Popov
[19] asserts that complemented subspaces of L1[0,1] do not admit a uniformly
integrable Schauder basis.

Next we consider the Hardy spaces H,(D) (1 < p < o0) of analytic
functions on the disk D := {z € C: |z| < 1} equipped with the norm

<r<1 2T

1 2 )
191 = sup (o [ 17(re?p o).
0

Using the system {2"}>° instead of 7 in the proof of Theorem 3.2 yields
the following result.

Theorem 4.5. There exists an orthonormal system of uniformly bounded
analytic polynomials which is a quasi-greedy basis for Hy(D) for 1 < p < 0.

Using some deep results from Banach space theory we can extend the
latter result also to the case p = 1.

Theorem 4.6. Hy(D) admits a semi-normalized uniformly bounded quasi-
greedy basis of analytic polynomials.

Proof. By Paley’s inequality [17]

Q_IF@P2 = 11> f@) < 2( £l
n=1 n=1

Hence P(f) = 32°°, f(2")2%" is a bounded projection on Hi(D). Let X =
ker P and let H := [e;]%2,, where e; := 2?. Then Hy(D) is linearly isomor-
phic to X @ H (equipped with the sum norm), which in turn is isomorphic
to X @ /5. Since X contains a complemented subspace isomorphic to ¢, (e.g.,
the subspace spanned by (%)), it follows that X is also isomorphic to
X @ {5 and thus also isomorphic to H;(D). Hence, by a theorem of Maurey
[13], X has a normalized unconditional basis (f;);2;. The intersection of
X with the linear space of analytic polynomials is dense in X. Hence we
may assume that each f; is an analytic polynomial. Since Hy(D) has co-
type 2 (see Definition 2.2 above), it follows that {f;}52, is Besselian. Then

® = {f;}52,U{e;}32, is a basis for H,(D) satisfying (3.2) and (3.3). Assume
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the matrices {A(n)} satisfy M1-M3 and, in addition, that n; > | fx|/%-
By the construction, the system W is a semi-normalized quasi-greedy basis.
Moreover, by M2 and M3,

[l
D=

sup 9]l 00 < sup + Cs sup Hek|| <1+ Ck.
k>

Thus, WV is uniformly bounded. O

Finally, let us mention that Theorem 3.2 may be generalized to certain
closed subspaces of L,[0, 1], for p > 2, including those spanned by any sub-
sequence of the trigonometric system. Recall that {1);} C Ly[0,1] is a Riesz
sequence if || Y cjihilla < (O |c;])Y/? for all scalars {c;}.

Proposition 4.4. Let X be a closed subspace of L,[0,1] for 2 < p < oo.
Suppose that X has a uniformly bounded Schauder basis {¢;} which is a
Riesz sequence in Ls[0,1]. Then X admits a uniformly bounded quasi-greedy
basis.

Proof. Since L,[0,1] has an unconditional basis and {¢;} is weakly null,
it follows by a standard “gliding hump” argument that some subsequence
{®;}jea is unconditional. Since L,[0,1] has type 2 (for the upper estimate)
and {¢;} is a Riesz sequence in L,[0, 1] (for the lower estimate) it follows
that || Y.cacitsllp = (X eale?)? for all scalars {¢;}, i.e., {¢;}ea is a
sequence in X that is equivalent to the unit vector basis of ¢5. Since {¢;} is
a Riesz sequence in Ls[0, 1], we have, for all f € X

1" (D5l = 1" (il = kO le; (N2 = kall > i (£l

JEA JEA

where k; and k are constants. Hence the projection Pf = > ., c;(f)v;
is bounded on X, which implies that X is linearly isomorphic to [1);];¢a @
[¥;]jea. The fact that {¢;} is a Riesz sequence in L]0, 1] implies that {i;}
is a (uniformly bounded) Besselian basis for X. The proof is completed as
in the discussion preceding Theorem 3.2.

O

5 Lebesgue-type inequalities I

Our main interest in this section is to prove Lebesgue-type inequalities for
greedy approximation in L,, 2 < p < oo under different assumptions on a
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basis . In this section we assume that U is a uniformly bounded basis. In
addition we assume that W is a certain type basis (quasi-greedy basis, Riesz
basis) in one of the spaces Lo, Ly, 1 < ¢ < 2, or Ly, 2 < ¢ < co. We will
often use the following lemma.

Lemma 5.1. Suppose that X C Y are two Banach spaces such that || - ||y <
| - [|x. Assume that a basis of X W satisfies the following property: For any
set of indices A

[Sa(H)lx < wADIf]y-

Then for each f € X and any m-term polynomial

Pm = Zbkwka |P| =1m,

keP

we have

If = Sp(lx < If = pmllx +wim)l[f = pmlly
Proof. 1t is a simple one line proof. We have
1f=Sp(Nllx = 1f =pu(f) = Se(f =pu(Hllx < [If =pmllx+wm)| f—puly-
m
We now proceed to a systematic presentation of new results.

Theorem 5.1. Assume that V¥ is a uniformly bounded Riesz basis of Ls.
Then for any m-term polynomaial

tw = buthe, |P]=m,

kepP

we have for 2 < p < oo

1f = Gl fo D)y < ILf = tallp + C" P f — t]|2.

Corollary 5.1. Assume that V is a uniformly bounded Riesz basis of L.
Then we have for 2 < p < oo

1f = Gl f, O)lp < Cm" Py (f, 1),
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Proof. Denote by @ the set of indices picked by the greedy algorithm after
m iterations

keQ
We use the representation

f=Gn(f)=f—=5a(f) = f—5Sp(f)+Sp(f) = So(f).  (51)
First, we bound ||f — Sp(f)|l,- By Lemma 5.1 and Lemma 2.6 we get
1f = Se(N)llp N = twlly + Cm" P f — 0] (5-2)
Second, we write
1Sp(f) = Se(Nlly = [1Sma(f) = Savr(Hlls
< 1SpvQ(Hllp + 150\ p (N)lp- (5.3)

Using Lemma 2.6 we obtain

1Sp(£) = So(f)lly < Cm" P (Spro(H)llz + 1Sovp (Hl2). (5.4)
The definition of () implies

ISPl < CCY - el £

kEP\Q
<C( Y 1N < CllSap(f)ll2- (5.5)
kEQ\P
Next,
1S\p(Nlz = [1Sep(f = tm)ll2 < ClIF = tmll2: (5.6)
Combining (5.1) — (5.6) we complete the proof of Theorem 5.1. O

We now impose a little weaker assumption on a basis ¥ than the one in
Theorem 5.1.

Theorem 5.2. Assume that V is a uniformly bounded quasi-greedy basis of
Lo. Then for any m-term polynomial

tw =Y b, [Pl =m,

kepP

we have for 2 < p < oo
1f = G, Ol < N = timlly + C" P In(m + D) f = b
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Corollary 5.2. Assume that ¥ is a uniformly bounded quasi-greedy basis of
Ly. Then for2 <p < oo

If = Gl f, D) < O™ In(m + 1)oa(f, V),

Proof. This proof goes along the lines of proof of Theorem 5.1. However,
the details are different because we need to use properties of quasi-greedy
bases instead of properties of Riesz bases. We use notations from the proof
of Theorem 5.1 and the representation (5.1). By Lemma 5.1 and Lemma 2.7

we get for || f = Sp( /)|,

1f = Se(Dllp < If = twlly + C" P In(m + D[|f = tlla. (5.7)
Using Lemma 2.7 we obtain from (5.3)

1Sp(f) = So(N)ll, < Cm" P (|Spa(Hllz + [Sap(Nll2).  (58)

Next, we have by Theorem 2.1

m

ISP ()ll2 = ISave(f = tw)llz < Co(2) Y0~ 2au(So\p(f — t))

n=1

<O 0 Pan(f —tw) =C> 07 (0 2an(f — tm))
n=1 n=1

< Cln(m + 1) supna,(f — ty) < Cln(m + 1)||f — tm2- (5.9)

For the Sp\g(f) we have

m

1SeQ(N)ll2 < Ca(2) Y 0™ an(Spa(f)

n=1

m m

< C5(2) Y nan(Sop(f)) = Ca(2) > nan(So\p(f — twm))

n=1 n=1

which has been estimated in (5.9)
< Cln(m+1)||f —twl2 (5.10)

Combining (5.7) — (5.10) we complete the proof of Theorem 5.2.
[l

35



Theorem 5.3. Assume that V is a democratic quasi-greedy basis of X . Then
forany f e X

If = G (f; W)|x < Cn(m + Dow(f, ¥)x.

Corollary 5.3. Assume that V is a uniformly bounded quasi-greedy basis of
L, 1 <p<oo. Then

1f = G (f; ), < Cp) n(m + Do (f, V),

Proof. Tt is known (see [2]) that democratic and quasi-greedy basis is an
almost greedy bases. Therefore, the following inequality

holds for any f € X. It remains to apply Lemma 2.4 to complete the proof
of Theorem 5.3. Corollary 5.3 follows from Theorem 5.3 and Proposition
2.1. m

Theorem 5.4. Assume that ¥ is a uniformly bounded quasi-greedy basis of
L,, 1< q<oo. Then for any m-term polynomial

b =Y b, [Pl =m,

keP

we have for g < p < oo
”f - Gm(f> qj)Hp S Hf - tm”p + C<p7 Q>m(liq/p)/2 ln(m + 1)Hf - thq

Corollary 5.4. Assume that ¥ is a uniformly bounded quasi-greedy basis of
L, 1 <qg<oo. Then forq <p < oo

1f = Gu(f. O)lp < Clp, g)m™ =P In(m + D)o (f, ©),.

Proof. This proof goes along the lines of proof of Theorem 5.2. We use
notations from the proof of Theorem 5.2 and the representation (5.1). By
Lemma 5.1 and Lemma 2.8 we get for ||f — Sp(f)|],

1f = Se(Hlly < If = tully + Clp, @)m 9P n(m + 1)|| f — tinlg- (5.11)

Using Lemma 2.8 we obtain from (5.3)
1Sp(f) = So()lly < Cm=P2(|Spo(Hlg + 1Sap(Hlly)-  (5.12)
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By Lemma 2.3 we estimate

1Sa\p(Hlle = 15e\p(f = tm)llg < Cn(m + D[ f =ty

We give another proof of this bound because it will be used in estimating
ISP (f)llq- We have by Proposition 2.2

1Savp (Pl = 1Sa0p(f = tm)llg < C(@) Y 07 an(Sg\p(f = tm))
<Clq) Y 0 Pan(f = twm) = Cla) Y0~ (0 an(f — tm))

< C(q)In(m + 1) sup n1/2an(f —ty) < Clg)In(m+D||f —twlly (5.13)

For the Sp\g(f) we have

m

1Sp@(Nlly < Cla) Y0 an(Spa(f)

n=1

m m

< C(q)) n"an(So\p(f) = Clg) Y _nan(So\p(f = tm))

n=1 n=1

which has been estimated in (5.13)
< Clg) In(m + DLf = tmlly- (5.14)

Combining (5.11) — (5.14) we complete the proof of Theorem 5.4.
[

6 Lebesgue-type inequalities 11
In this section we continue to prove Lebesgue-type inequalities for greedy
approximation in L, under different assumptions on a basis W. In this section

we assume that W is a quasi-greedy basis for a pair of spaces: L,, 1 < ¢ < oo,
and L,, ¢ < p.
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Theorem 6.1. Assume that ¥ is a semi-normalized quasi-greedy basis for
both L, and L, with 1 < q <2 <p <oo. Then for any m-term polynomial

bty = Zbkwku ‘P‘ =m,

kcP
we have
1f = Gu(£, ), S NIf = tmllp + Cp, @) In(m + )| f — tllg-

Corollary 6.1. Assume that V is a semi-normalized quasi-greedy basis for
both L, and L, with1 < q<2<p<oo. Then

If = G, ©)lp < Cp, @) In(m + 1)om(f, ¥),.

Proof. This proof goes along the lines of proof of Theorem 5.2. We use
notations from the proof of Theorem 5.1 and the representation (5.1). By
Lemma 5.1 and Lemma 2.9 we get for ||f — Sp(f)]|,

1f = Se(Hlle <N = tmllp + Clp; ) n(m + DIIf =ty (6.1)

We obtain from (5.3)

152 (f) = Sa(Nlls < [1Spre(Hllp + 15\ ()l (6.2)

Next, we have by Theorem 2.1

m

150\p(Nllp = 15\ (f = tw)lly < Calp) D 0™ 2au(Sarp (f — tm))

<Cp) Y 0 Pan(f = tm) = C(p) Y07 (' Pan(f = tm))

< C(p)In(m + 1) supn'a,(f = tm) < C(p,q) n(m + )| f = tully. (6.3)

For the Sp\g(f) we have by Theorem 2.1

m

1Sm@(f)llp < Ca(p) D 0 an(Spro(f))

n=1
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< Cy(p Zn *a,(Sq\p(f Zn an(So\p(f = tm))
which has been estimated in (6.3)
< Cp, @) In(m + D[ = tmlly. (6.4)

Combining (6.1) — (6.4) we complete the proof of Theorem 6.1.
[

Remark 6.1. The statement of Corollary 6.1 holds even if we drop the as-
sumption that ¥ is quasi-greedy basis of L.

Proof. Assumption that ¥ is semi-normalized for both L, and L,, ¢ <2 < p,
implies that it is semi-normalized in Ly. Then as in Proposition 2.1 we can
prove that ¥ is democratic with (m) < m'/2. It remains to apply Theorem
5.3. O

Now we prove sharper results for uniformly bounded orthonormal quasi-
greedy basis.

Theorem 6.2. Assume that ¥ is a uniformly bounded orthonormal quasi-
greedy basis for L,, 2 < p < oo. Then for any m-term polynomial

tm, Izbkwk, |P|=m
keP

we have

1f = Gu(f; O)lp < IS = tmllp + C(p) n(m + D[f = bl (6.5)
1f = Gl O)lp < If = tully + Clo)(In(m + 1) f = tull2. (6.6)

Corollary 6.2. Assume that ¥ is a uniformly bounded orthonormal quasi-
greedy basis for L,, 2 <p < oo. Then

If = Gu(f. )], < Clp)(In(m + 1)) 0, (f, ¥),.

Proof. By Theorem 2.2 WU is a quasi-greedy basis of L,. Thus, (6.5) follows
from Theorem 6.1 with ¢ = p/. We now prove (6.6). As in the proof of
Theorem 6.1 we obtain by Lemma 5.1 and Lemma 2.10

1f = Sp(Hllp < I1f = tally + Co)(Inlm + 1) 2| f = tu]|2. (6.7)
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By Theorem 2.1 we obtain

1S\ (Nl = 1So\p(f = tw)ll, < Clp Zn an(f = tm)
< CE)O_n PO an(f—tm)*)"? < Clp)(I(m+1))2|| f ~twll2. (6.8)

As in the proof of Theorem 6.1 we get

1Spe(Nll, < Clp Z” an(f = tm)

and by the intermediate step in (6.8)
< Cp)(In(m + 1) Z(If =t

It remains to use representation (5.1) and inequality (6.2). O

If ¥ is assumed to be uniformly bounded, then the Lebesgue-type in-
equality of Theorem 6.1 holds whenever g < p.

Theorem 6.3. Assume that V is a uniformly bounded quasi-greedy basis for
both L, and L, with 1 < q <p < oo. Then for any m-term polynomial

b = Zbl#pk; |P|=m
keP

we have

1f = Gu(f; W)y < 1f = tmllp + Clp, @) In(m + D|f = tnlly-

Proof. As in the proof of Theorem 6.1 we obtain by Lemma 5.1 and Lemma
2.11

If = Sp(Hlly < If = twllp + Clo, @) In(m + DI f — tillg. (6.9)
By Proposition 2.2 we obtain

m

1So\p (Nl = ISe\e (f = tw)lly < Clp,a) Y 0 2an(f —tum)

n=1
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<Cpa) Y 0 = tmlly < Clp, ) In(m + DI f = tolly. (6.10)

n=1

As in the proof of Theorem 6.1 we get
ISPl < C,a) Y ™ Pan(f —tm)
n=1

and by the intermediate step in (6.10)

< Cp, @) n(m + D) = twllg-

It remains to use representation (5.1) and inequality (6.2). O
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